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ANALYTICAL COMPARISON OF CONVECTION-COOIED TURBINE BLADE COOLING-AIR 
REQUIREMENTS FOR SEVERAL RADIAL GAS -TEMPERATURE PROFILES 
By James E. Hubbartt and Henry 0. Slone 


SUMMARY 

An analysis has "been made to permit a comparative evaluation of the 
turbine rotor cooling-air requirements with convection- coo led blades for 
the following four combustor -out let radial gas -temperature profiles along 
the blade span: (l) a uniform profile, (2) a profile representable by a 

complete cycle of the cosine wave using the cooler gas layers near the 
turbine casing and stator inner ring and a hot gas core, (3) a profile 
representable by one-half cycle of the cosine wave using the cooler gas 
layers near the stator inner ring and the hotter gas layers near the tur- 
bine casing, and (4) an optimum profile resulting in the absolute minimum 
cooling-air requirements. In each case, the coo 1.1 ng-air-f low requirements 
are compared with profile ( 1) , which has been used in turbine-cooling 
analyses. This uniform profile can be obtained only at the expense of 
combustor pressure drop or length or both. Profiles (2) and (3) are ob- 
tainable from present combustor designs that have good performance. These 
profiles have the advantage of either eliminating or decreasing the turbine 
casing and stator -ring cooling problems at elevated temperatures, profile 
(2) being better in this respect. 

The results indicate that, for turbine design root stresses of 25,000 
psi and turbine-inlet temperatures near 2600° R (conditions of immediate 
interest), profile (2) requires turbine rotor coolant flows slightly 
higher than those of the uniform profile for flight Mach numbers near 2 .0 
with blade-inlet cooling- air temperature s near 1000° R. For a Mach number 
near 2 .5, the coolant flow for this condition might be increased by 35 
percent. For higher stresses, profile (2) becomes less favorable on the 
basis of coolant-flow requirements, but profile ( 3 ) becomes more favor-' 
able. A reduction in coolant flow of 20 percent for turbine designs 
applicable to conditions of immediate interest may be obtained by using 
profile (4) • This 20-percent change in coolant flow would probably be 
reflected in approximately a 1-percent change in thrust and horsepower of 
turbojet and turboprop engines. Profile (4), however, exposes the stator 
inner ring to the hottest gas layers and may present an extreme inner - 
ring cooling problem. 
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INTRODUCTION 

The preferred primary-combustor -outlet radial gas-temperature profile 
for turbine engines should be based on a compromise among combustor per- 
formance, allowable turbine blade temperature distribution, turbine aero- 
dynamics, and the cooling requirements of the turbine casing and the sta- 
tor outer and inner rings (hereinafter referred to as the turbine outer 
and inner shrouds) . For uncooled turbines, the turbine blade stresses per 
mit a temperature profile with the hottest region near the turb in e blade 
tip where the stresses in the turbine rotor blades are low. Present turbo 
jet combustors are designed to give this type profile, with max imum tem- 
perature variations between approximately 400° and 800° R. The preferred 
allowable turbine-inlet temperature profile for cooled turbines has not 
been investigated. Thus, it is Important to know whether or not the gas- 
temperature profiles from present combustor designs are desirable or to 
what extent alterations might be profitable. Therefore, analyses were 
made at the NACA Lewis laboratory to evaluate the effects of turbine- 
inlet temperature (absolute total temperature at stator inlet) profile 
on the turbine rotor cooling-air requirements for shell- supported 
convection-cooled blades. 

Shell-supported blades were chosen for this study because they are 
amenable to analytical treatment for determining cooling requirements. 
Similar studies could have been conducted for strut- supported air-cooled 
blades, but the analytical procedures are lengthy and use of an electrical 
analog is generally required. Also, at the present time no definite con- 
clusions can be drawn concerning the relative superiority of shell- 
supported or strut-supported blades, and it appears that there will be 
fields of usefulness for each type of blade. It is believed, however, 
that the results obtained herein for shell- supported blades may be uti- 
lized in a general way to predict trends that would be obtained with 
strut -supported blades. For liquid-cooled blades, where the blade tem- 
perature is essentially equal to the liquid temperature, the blade tem- 
perature is almost constant, and the gas-temperature profile does not 
affect the coolant-flow requirements. Thus, a study of the effects of 
gas-temperature profile on the cooling -flow requirements for proposed 
liquid-cooled designs is generally unnecessary. 

Turbine aerodynamic design has commonly been based on the assumption 
of- uniform turbine-inlet temperature for both uncooled and cooled tur- 
bines. In addition, for cooled turbines the effective gas temperature 
(approximate total temperature relative to the turbine rotor) has been 
assumed to be uniform over the turbine blade span for analyses and design 
procedures for convection-cooled blades published in the literature (e.g., 
refs. 1 and 2). Although combustor-outlet profiles satisfying this con- 
dition can be obtained, it is at the expense of mixing pressure losses or 
combustor over-all length, or both. In general, the more nearly uniform 
the profile, the more difficult the combustor design problem becomes. 
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The gas -temperature profiles for efficient combustor design reported in 
the literature can be approximated with reasonable accuracy by a cosine 
wave (refs. 3 to 5) . The profiles illustrated in reference 3 can be 
approximated by one-half cycle of the cosine wave with the hotter region 
near the turbine blade tip and the cooler region near the blade root. 

The profiles shown in reference 4 and some of those in reference 5 can 
be represented by a complete cycle of the cosine wave using a hot core 
with the cooler regions near both the blade root and the blade tip. With 
the complete cosine wave, the turbine inn er and outer shrouds are exposed 
to the coolest gases and therefore require the minimum of cooling. In 
fact, for this design the average turbine-inlet temperature might be 
increased considerably without requir ing shroud cooling. For the half 
cosine wave with the hotter gas layers near the blade tip region, the 
shroud cooling is minimized only on the inner shroud.. However, the 
cooling load is translated to the outer shroud, which is more readily 
accessible. 

The purpose of this report is to present the results of an analysis 
that coup ares the turbine rotor cooling requirements for the cosine-wave 
profiles with those for the uniform gas-temperature profile. In addi- 
tion, the analysis is extended to determine the gas-temperature profile 
for the absolute minimum coolant flow. The absolute minimum coolant flow 
corresponds to an optimum gas -temperature profile. That is, for given 
turbine operating conditions, a minimum value of coolant flow can be ob- 
tained for gas -temperature profiles such as the uniform or cosine-wave 
profiles. For these same operating conditions, there is an optimum gas- 
temperature profile that gives a value of coolant flow smaller than those 
obtained for the other gas-temperature profiles. This value of coolant 
flow is the absolute mini mum coolant flow. Turbine stator blade cooling 
Is not considered. The low stresses imposed on the stator blades, how- 
ever, permit freedom in the choice of stator blade designs not acceptable 
for the rotor blades. 

The results are presented for average effective gas temperatures of 
2500°, 3000°, and 3500° R and turbine blade design root stresses of 
25,000 and 75,000 psi. For the effective gas -temperature profiles rep- 
resented by cosine waves, a maximum variation in the gas-temperature 
profile of 800° R Is used for most of the results. The effect of this 
variation on the coolant-flow requirements is also illustrated. Each 
blade design is defined by a cooling-effectiveness parameter, which is 
varied over a range sufficient to include all designs of practical 
Interest. 
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ANALYTICAL PROCEDURES 
Assumptions 

Simplifying assumptions were necessarily introduced in this analysis 
in order to obtain convenient relations for the temperature distributions 
for convection-cooled turbine rotor blades. These assumptions have gen- 
erally been used in the literature for computing the cooling-air 
requirements: 

(1) The effective gas temperature and the total gas temperature 
relative to the rotor blades are equal.. 

(2) The radial heat conduction in the blade metal is negligible 
compared^with the total heat transfer. 

( 3 ) The outside and inside heat-transfer coefficients axe constant 
over the blade outer and i mar surfaces, respectively. 

( 4 ) Radiation is negligible. 

( 5 ) The effect of rotation on the cooling-air temperature rise is 
negligible . 

(6) The inner/surface area upon which the inside effective heatu- 

transfer coefficient is based is equal to the outer surface area. In 
addition, these areas are at the. same temperature . (The effective heat- 
transfer coefficient is defined to include the heat conducting through 
auxiliary internal surfaces such as fins} this is defined in general 
terms in ref. 1.) / 

( 7 ) The chordwise blade temperature is constant. 

For most cooled-turbine designs using air for convection cooling, 
calculations show that these assumptions, with the exception of assump- 
tion (5), have only slight effects on the cooling requirements. Refer- 
ence 2 shows that, for high turbine blade tip speeds, the rotational 
effects on the cooling requirements may be large. However, for the pres- 
ent report, the rotational effects axe neglected, since only a relative 
comparison of the cooling-air requirements for various gas-temperature 
profiles is made. 


Basic Equations for Temperature Distributions 

The chang e in the cooling-air temperature as it flows radially out- 
ward through the blade is given by the heat balance: 
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V'a ^ = VA - T a> ** 0-) 

where all symbols are defined in appendix A. In addition, a "balance 
between the heat transferred to the blade and that transferred to the 
coolant at any spanwise position gives the expression 

Wo\ t - T l,) - ¥l('b - T a> 

or, with l Q = 

X(Tg,e - ^b) = - T 4 (2) 

where A = h Q /h f . The differential equation for the turbine blade span- 
wise temperature distribution is then obtained by solving equation (2) 
for T^ and dT^/dx and substituting these expressions in equation (l). 
This equation can be reduced to 

,- T g; e + i T = 1 + X h o Z o 1 m] 

^ Cp^a x s ' e X V* 1 + x 7 

It Is convenient to nondimens lortalize the span-wise position variable x 
by multiplying each term by the blade length b and rewriting the equa- 
tion as 



and 


(1 + X)CnW s 


Mo* 


If the spanwise effective gas -temperature distribution is specified, 
equation (3) may be used to express the spanwise turbine blade temperature 
distribution as a function of the coolant-flow parameter K and the 
cooling-effectiveness parameter X. The spanwise turbine blade tempera- 
ture distribution must be limited by the maximum allowable turbine blade 
temperature distribution determined by the design stress and the stress- 
rupture characteristics of the material. Thus, the minimum allowable 
coolant -flow parameter for a specified effective gas -temperature distri- 
bution is obtained when the resulting blade temperature Is equal to the 
allowable blade temperature at one spanwise location and equal to or less 
than the allowable temperature at all other locations. 
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If the spanwlse turbine blade temperature distribution is specified, 
equation (3) may be used to express the spanwise effective gas-temperature 
distribution as a function of the coolant-flow parameter K and the 
cooling-effectiveness parameter X. In this way the effective gas- 
temperature distribution for the absolute mini mum value of the coolant 
flow for a given average effective gas temperature can be determined by 
specifying the most desirable turbine, blade temperature distribution. 

Thle report evaluates for given allowable blade temperature distri- 
butions both the absolute minimum value of the coolant-flow parameter and 
Its corresponding effective gas-temperature distribution, and the min-! -mum 
coolant-flow parameter for various given effective gas- temperature dis- 
tributions. Thus, equation (3) is solved for both the effective gas- 
temperature distribution and the actual blade temperature distribution. 

In both cases, the allowable turbine blade temperature must be specified. 
Therefore, the allowable turbine blade temperature distributions as used 
in this report are first determined, after which equation (3) Is solved 
for both the effective gas-temperature distribution and the blade tem- 
perature distribution. Then, the average effective gas temperature is 
determined. Finally, the effective gas temperature is related to the 
turbine-inlet temperature, which is of more importance in rating and 
analyzing the engine. 


Allowable Spanwise Blade Temperature Distribution 

The allowable turbine blade temperature is determined by the design 
value of the turbine blade stresses and the blade material stress-rupture 
properties. The allowable stress -rupture for any material, depends on the 
life required as well as the temperature. In the present report, the 
stress-rupture properties are taken at 100-hour life. 

The design value of the turbine blade stress is usually larger than 
the actual centrifugal stress for cooled turbine blades. This differ- 
ence may be accounted for by introducing a constant of proportionality 
called the stress-ratio factor. The, magnitude of the stress-ratio factor 
is meant to include the effects of other stresses, such as bending, vi- 
bration, and thermal stresses, as well as to provide some margin of safety 
for the effects that fabrication may have on the blade material strength 
(ref . l) . With gas- temperature profiles other than the uniform profile, 
the effects of thermal stresses may be intensified. Thus, the need for 
a stress-ratio factor becomes more apparent. As shown in reference 6, 
the design stress for a uniformly tapered turbine blade with a constant 
stress-ratio factor can be expressed by the equation 
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It is convenient to reduce the number of variables in equation (6) 
by expressing the root stress by equation (6) an Hi then evaluating cr/cr^. 
Thus, 



Equation (7) is plotted in figures 1(a) and (b) for three values of 
r h/ r t a2}il Am, t/ Am, h * The ranges of r h /r t and A^/A^ were selected 
"bo include most values of practical interest according to present design 
procedures. This figure shows that r^/r^ and -(-/A™ h ^ave only 

secondary effects on the ratio of the stress at any spanwise position to 
that at the root, particularly, for the ranges in r^/r^ encountered. 

Thus, representative values of r^/r^ and may be selected 

to express a/ cr^. This further reduces the number of design variables 
required in determining the allowable blade temperature distribution. 

For the present report, the stress equation (eq. (7)) is reduced to the 
simple expression 


F(0.5, 0.65, x*) - /(x*) (8) 

a h 

corresponding to the mean curves in figures 1(a) and (b) . 

The allowable spanwise turbine blade temperature distribution can 
now be evaluated for any given design root stress by employing equation 
(8), once the stress-rupture properties are specified. The present report 
uses the 100-hour stress-rupture properties of a promising alloy with low 
critical metal content, A-286, for evaluating the allowable turbine blade 
temperature. The allowable spanwise turbine blade temperatures for A-286 
with three turbine blade design root stresses are shown in figure l( c) . 

The extreme curves (a^ = 25,000 and 75,000 psi) give the allowable span- 
wise turbine blade temperatures used in the analyses of this report. 


Minimum Coolant-Flow Parameter for Specified Effective 
Gas -Temperature Distribution 

The effective gas-temperature distributions to be studied may be 
expressed by the equation 


Tg^ e = B - A cos mtx* (9) 

where the total variation in the effective gas temperature is given by 
2A. A sketch of the three profiles expressed by equation (9) is shown 
in sketch (a) : 
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The following three cases are considered in this report: 


(1) When A = 0, equation (9) represents the uniform profile . 

(2) When A is a positive number and n = 1, it represents a pro- 
file with a hot layer near the turbine outer shroud and a colder layer 
near the- turbine inner shroud. 


(3) When A is a positive number and n = 2, it represents a pro- 
file with a hot core and colder layers near each turbine shroud. 


For convenience, the equation is handled in the general form. 

Equation (3) must now be solved for the effective gas-temperature 
distribution given by equation (9). The expression obtained when equa- 
tion (9) is substituted into equation (3) is 


dx* 


+ i T^ = mtA 1 sin mtx* + - A cos eutx*) 


( 10 ) 


This is a linear differential equation with the general solution 


• B + °i e ' x * /K - rrk 


sin mtx + 


sirrr + L ] cos nitx *} 


(n) 
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The hound ary condition for this equation is given by 

^ - Vi at x - 0 

For this position, equation (2) becomes 

\(B - A - I b>h ) = T„, h - T^ h 
But., from equation ( ll) , 


T b,h - B + C x - A 


(gat) Z X 
1 + X + 

.1 + (Kmc) 2 J 


(12) 

(13) 


(14) 


The constant of integration can be evaluated by eliminating T^ ^ from 
equations ( 13) and ( 14) . The equation for the blade temperature distri- 
bution then becomes 


„-x*/K 

T b " B + T+T^^h - B - XA) - 


1 + (Kmc)' 


f Kmc 

[1 + > 


sin mtx* + 


Rgac)' fa X 

Ll + 


£ 

X 


3(f 


cos mtx' 



The minimum value of coolant-flow parameter K for each of the 
specified Tg^ e distributions can be evaluated for any cooling -air tem- 
perature T^ k and allowable blade temperature distribution by use of 

equations (10) and (15). The solution is iterative. By writing equation 
(10) in the form 


K = 


B - A cos mtx* 


“b a X 
dx* - ^ 1 + X 


5l 


(16) 


sin mtx* 


the minimum permissible value of K is obtained for the blade tempera- 
ture Tb equal to the allowable blade temperature at the specified span- 
wise position x*. At all other locations, the blade temperature must be 
equal to or less than the allowable temperature. Equation (15) can be 
written 
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T a,h = B + XA - (1 + X)e x */K x 



Substitution, of K from equation (16) into equation (17) provides the 
value of cooling -air temperature at the blade root T^ ^ for the condi- 
tions specified. Choice of a different value of x* in equation (16) 
will result in different values of K and ll . In this manner, the 

minimum permissible value of coolant-flow parameter can be evaluated for 
a range of cooling-air temperatures by assuming a cooling-effectiveness 
parameter X, an allowable turbine blade tenperature distribution as 
determined from stress calculations, and a range of values of x* where 
the blade temperature will equal the allowable blade temperature • 

This procedure is employed in this report considering the three 
effective gas -temperature profiles prescribed earlier: (l) uniform pro- 

file with A = 0, (2) half -cosine -wave profile with .A finite and n = 1, 
and (3) complete- cosine -wave profile with A finite and ns* 2. In each 
case three values of B (2500°, 3000°, 3500° R) are specified. 


Absolute Minimum Coolant-Flow Parameter and Corresponding 
Effective Gas-Temperature Distribution 

If the spanwise blade temperature distribution requiring an absolute 
minimum coolant flow is known, equation (3) can be solved to determine the 
corresponding effective gas-temperature distribution (hereinafter referred 
to as the optimum effective gas-temperature profile). Since equation (3) 
is a first-order linear differential equation, the general solution can 
be expressed as 



Introducing the boundary condition as given by equation (12), the constant 


of integration can be evaluated in a manner similar to that of the last 
section. The equation becomes 


/ 1+X x*\ 

T =e‘V XX ^ 
x g,e 

1 + X 

(”» , \) c ^r , ’W 1 + x) 

X 

0 Vs* + J e x 


_ V< 

(i9 r 
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-j 

-j 
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The integral in equation (19) can "be integrated once by parts to further 
reduce the equation to 



Equation (20) has been used to determine the optimum effective gas- 
temperature profile and the corresponding absolute minim um coolant-flow 
parameter. Appendix B shows that the spanwise blade temperature distri- 
bution satisfying this condition is the allowable temperature distribu- 
tion. Since the allowable blade temperature distribution cannot be ex- 
plicitly expressed, equation (20) is solved numerically. The integral is 
evaluated using Simpson's rule of replacing the integrand by parabolas. 

In this way, the blade span is divided into ten equal segments. The pro- 
cedure employed is to assume several values of the coolant-flow parameter 
K for each combination of cooling-effectiveness parameter X, cooling- 
air temperature . T^ allowable turbine blade temperature 

distribution. ’ 


Basis for Comparison of Results 

The comparison of the cooling requirements for each effective gas- 
temperature profile was made by computing the ratio of the coolant weight 
flow for either the optimum temperature profile or the temperature profiles 
representable by the cosine or half-cosine waves to that for the uniform 
temperature profile. The uniform temperature profile is used as the ref- 
erence, since it is the basis for all cooling results and procedures pub- 
lished in the literature. All comparisons are made for the same values 
of average effective gas temperature T £>e’ blade design root stress cr^, 
coo ling -air temperature T^^, and blade geometry. Values of ®a,h an< l 

Ok are independently assigned. The procedures for evaluating T g ^ e and 
the coolant-flow ratio so that the blade geometry is maintained constant 
are given in the following sections. In order to obtain even values of 
(i.e., 2500°, 3000°, and 3500° R), it is necessary to interpolate 

the coolant-flow results obtained for the optimum and half- cosine-wave 
gas-temperature profiles . 

Calculation of average effective gas temperature . - The average 
effective gas temperature T g e is defined as 

- P* 

Jr h 


T g,eP g V x,g2 rtr 


( 21 ) 
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or, expressing the total gas flow w g in the integral form, equation. 
(21) becomes 



In this definition, the average effective gas temperature is a measure 
of the total energy of the gas relative to the turbine rotor. For free- 
vortex turbine designs the specific-mass -flow parameter p _V v _/p ' a„^ 
can be approximated as a linear function of the spanwise position. (A 
linear function is convenient to facilitate the integration in equation 
(22).) To obtain this functional relation, it is necessary to specify 
the value of P g v x ,g/ p g a cr a_b a given spanwise position. For this anal- 
ysis the value of Pg V x,g/Pg a cr is specified at the turbine rotor blade 

hub to correspond to a turbine design having a flow angle of 25° and an 
absolute Mach number of 1.0 at. the stator exit, resulting in the follow- 
ing equation: 

P V 

■ *> -£ = 0.2679 + 0.0684X* (23) 

P^cr 

The values of flow angle and Mach number used to obtain equation (23) are 
considered typical for present turbine designs. However, the final cool- 
ing results would be only slightly affected if the values of the flow 
angle 'and Mach number were considerably different from those chosen. 

Equations (22) and (23) are used to obtain Tg e for each effective 
gas -temperature distribution. For the uniform profile and the profile 
given by the complete cosine wave (n =* 2), the integration of equation 
(22) results in T g ^ e = B (see eq. (9)). For the half- cycle cosine-wave 
profile. Integration of equation (22) results in the expression 

Tg, e = B + 0.1308A 

Finally, for the optimum profile the integration of equation (22) must be 
carried out numerically for each effective gas- temperature profile. 

Calculation of coolant-flow ratios . - The ratio of the coolant weight 
flow obtained for the optimum or cosine-wave gas-temperature profiles to 
that for the uniform profile is computed from equation (5) with the 
expression ... ... 
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(24) 


recognizing that all other terms in equation (5) may he held constant 
for a particular design. 


It is further desirable to make a comparison such that the blade 
geometries are the same. For this condition,, it may not be assumed that 
X is unchanged, since for turbulent flow X depends on the coolant flow. 
Thus, for particular engine design conditions and a given blade design. 



The approximation given in equation (25) results from the relative change 
in the thermal gradients in any auxiliary heat-transfer surfaces due to 
the change in coolant flow. For the coolant-flow changes of interest, 
this approximation may be assumed to be valid. Substituting equation 
(25) into equation (24) gives 


w a, un 


where the exponent c Is zero for laminar flow and 0.8 for turbulent flow 
(see ref. 2) . It must be recalled that K itself depends upon the par- 
ticular value of X assigned. Therefore, in obtaining Wg/w a ^ from 
equation (26) for a given it is necessary to use the value of K 

corresponding to the value of X given by equation (25) . Thus, an 
iterative solution is used to calculate the coolant-flow ratios in this 
report. This is done by first assuming that X = X 11T1 and then solving 
equation (26) for w a /w flj nn . Then, with this value of w a/ w a, un-> ^Aun 
is computed from equation (25) and, thus, from its definition, a corrected 
value of K. 


1 + X 


1 + X, 


un 

~( w a,un\ c 
v a / _ 


(26) 


Relation Between Effective Gas and Turbine-Inlet Temperatures 

Since engines are rated and analyzed ‘on the basis of the turbine- 
inlet temperature, it is desirable to relate the effective gas -temperature 
relative to the turbine rotor, as used in the preceding sections, to the 
turbine- inlet temperature. In order to obtain a simple relation with 
relatively few variables so that the results could be easily Interpreted, 
the following simplifying assumptions are made: 
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(1) The turbine is of free-vortex design. 

(2) Impulse conditions exist at the turbine hub section.,. 

(3) No turbine-exit whirl exists. 

(4) The turbine efficiency is 1.00. 

(5) The effective and total gas temperatures relative to the turbine 
are the same. 


Although the first three assumptions are reasonable for present gas- 
turbine design practices, the latter two may result in slight errors in 
the temperature differences. However, calculations show that the computed 
temperature differences are, in all cases, within approximately 50° of 
the actual values. This is considered acceptable in the present analysis 
particularly, in view of the simplicity afforded. 


The relations for the difference between the total turbine -inlet 
temperature and the effective gas temperature are derived in appendix C. 
This difference at any spanwise position is given by the equation 


T , _ T 


g,e 


r-i 

2 r gR 


< & { 4 - 1 + - f) 


(27) 


The integration of equation (27) to obtain the difference between the 
average of these temperatures gives 


T t _ T 
1 &> e 


4rgR u t L \ r h/J 


(28) 


Equations (27) and (28) are plotted in figures 2(a) and (b), respectively, 
for j *a 4/3 considering two turbine hub-tip radius ratios. Figure 2(a) 
illustrates the distortion of the effective gas-temperature distributions 
required to obtain the total turbine-inlet temperature. Figure 2(b) 
illustrates the average change. Both the distortion and the average 
change may be useful in converting the prescribed and computed effective 
gas -temperature distributions into the more familiar turbine-inlet 
temperature . 


RANGES OF INDEPENDENT VARIABLES 

The coolant-flow parameter K _may be evaluated for any desired 
average effective gas temperature an & a S ivei1 effective gas- 

temperature profile with the procedures previously outlined. The value 
of K also depends on the choice of the cooling-effectiveness parameter 
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X, turbine blade design root stress 811(1 "blade-inlet cooling-air 

temperature T^ h . Thus, in order to make this study as general as pos- 
sible, it is necessary to choose ranges of the independent variables so 
that all coo led- turbine designs of interest are included- The ranges of 
independent variables chosen for this analysis are as follows; the rea- 
sons for the choices are discussed in subsequent sections: 


Cooling-effectiveness parameter, X nn 0-15,0.30,0-65 

S3 Blade design root stress, cr^, psi 25,000 and 75,000 

os Blade-inlet cooling-air temperature, tl , °R 600,1000,1300 

Average effective gas temperature, T g ^ e , ° R 2500,3000,3500 


Cooling -Effectiveness Parameter 

The values of the. cooling-effectiveness parameter X ]m selected for 
this study were chosen from experience acquired with the corrugated- 
insert blade for both single-stage and two-stage turbines. The value of 
X m is inversely related to the amount of internal surface area within 
the coolant passage and the actual inside heat-transfer coefficient. 

These two effects combine in such a way that the minimum value of X 1nn 
is limited by either the blade size (in this case the area increases so 
that the blade size becomes unacceptable) , the pressure drop, or the 
mass-flow capacity- Any number of blade designs corresponding to differ- 
ent values or X may be selected for cooling a specific engine design. 
Examples of this are the various blade designs presented in reference 7 
for each engine design. Experience shows that design values of X nri 
near 0.30 seem most reasonable for existing convection-cooled blade, de- 
signs. Values of X nri near 0.65 or greater may be suitable for many 
engine design conditions requiring little cooling. However, in such 
cases, the design value of X nri can be lowered without disadvantage. 
Values of X^ below 0.30 can and have been obtained. However, values 

of X^ near 0.15 as used for the lover limit of this report represent 
extremely effective blade designs that have not been encountered. Prob- 
ably such values are reasonable only for improved blade designs or designs 
using a more effective coolant than air (e.g., this approaches the condi- 
tion for liquid-cooled designs) . 


Blade Design Root Stress 

At present, uncooled turbines are designed for blade design root 
stresses a n of around 25,000 psi. However, in many cases, the trend 
is to increase the blade stresses by decreasing hub-tip radius ratio in 
the interest of increasing both the compressor and turbine work per stage 
and the weight-flow capacity. Experience also shows that cooled turbines 
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must presently be designed for blade root stresses higher than those 
indicated by the centrifugal load to account for other stresses, as dis- 
cussed in a preceding section. For these reasons, a high blade root 
design stress of 75,000 pBi was also considered. 


Blade -Inlet Cooling -Air Temperature 

Values of blade-inlet cooling-air temperature can be inferred from 
figure 3, where the cooling-air bleed temperature is plotted against the 
cooling -air bleed pressure ratio. The bleed point referred to in figure 
3 may be at the compressor exit or at some intermediate stage of the com- 
pressor. (Ref. 7 discusses in detail the effects of compressor bleed 
point on rotor blade coolant flows.) A typical operating line presently 
anticipated for turbojet engines designed for supersonic flight up to 
Mach number of 2 .5 is illustrated in figure 3 for equal cooling-air bleed 
pressure ratio and compressor pressure ratio. For the case shown, the 
take-off compressor pressure ratio Is 10, and it is assumed that the 
engine operates at constant mechanical speed. The range in compressor- 
discharge temperatures illustrated by the operating line in figure 3 
varies between a lower limit of around 1000° R and an upper limit of 
around 1400° R. Although this lower limit is acceptable for turbine 
cooling, experience shows that cooling-air temperatures of 1400° R are 
probably excessive, and bleed ahead of the compressor discharge or else 
cooling of the bleed air will be required. Reference 7 indicates that, 
for a flight Mach number of 2.0 with single-stage turbines driving com- 
pressors having pressure ratios near the typical values shown in figure 
3, the cooling-air temperature may be reduced by about 200° R by bleeding 
ahead of compressor discharge. Calculations obtained for two- stage tur- 
bine designs at the same conditions indicate similar results. Thus, at 
a flight Mach number of 2, the cooling-air temperatures, as suggested by 
available calculations, are about 1000° R and above for compressor pres- 
sure ratios anticipated. Since low-pressure-ratio subsonic engine designs 
( such designs are in present application) require cooling-air temperatures 
somewhat below 1000° R, and engines operating at Mach numbers around 2.5 
may have temperatures near 1400° R, a cooling-air temperature range from 
600° to 1300° R was chosen for this study. ' 


Average Effective Gas Temperature 

Since the analytical procedures employed in this analysis permit an 
arbitrary choice of the average effective gas temperature Tg, e , values 
of 2500°, 3000°, and 3500° R were chosen for convenience in calculations. 
This range of values should adequately cover the cooled-turbo jet- engine 
designs anticipated. 
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RESULTS AND DISCUSSION 

The average effective gas temperature is used throughout as an in- 
dependent variable in comparing the various effective gas-temperature 
profiles considered, because - it is convenient and reduces the variables 
involved. Since engines are rated by the turbine-inlet temperature, the 
conversion to turbine-inlet temperature is required. Figure 2 shows that 
this conversion results in an average turbine-inlet temperature higher 
than the average effective gas temperature. In addition, the turbine- 
inlet temperature profile relative to the effective gas-temperature pro- 
file is distorted by increasing the differential at the root more than 
at the tip. This tends to increase the root total temperature relative 
to the tip total temperature . For a turbine hub-tip radius ratio between 
0.60 and 0.75 and a tip speed of 1100 feet per second, the distortion as 
given by figure 2(a) is between 60° and 40° R from root to tip. For this 
case, the average total temperature varies between approximately 70° and 
135° R above the average effective gas temperature (see fig. 2(b)). Thus, 
for an average effective gas temperature of 2500° R and a hub-tip radius 
ratio near 0.70, the average turbine-inlet temperature is about 2600° R. 
These design conditions are typical for current design practice. Thus, 
the correction from effective to turbine-inlet temperatures, as stated 
previously, may be used as a reasonable correction to be applied through- 
out the present report. An increase in the tip speed above 1100 feet per 
second results in an increase in the turbine-inlet temperature for a given 
effective gaB temperature. Similarly, the distortion of the total gas- 
temperature profile with respect to the effective gas-temperature profile 
increases as the tip speed increases. This spanwise distortion increases 
by the same percentage as the difference between the average total and 
effective gas temperatures. 


Illustrative Spanwise Temperature Distributions 

The spanwise variations in the corresponding effective gas tempera- 
ture, allowable blade temperature, and actual blade temperature are 
illustrated in figure 4 for each effective gas-temperature profile con- 
sidered. The conditions for these distributions are representative of 
those desirable for high-temperature engine designs of immediate interest: 
T g ^ e = 2500° R, Tj_ ■ 2600° R, X = 0.30, a h = 25,000 psi, and T^ h = 1000° 

R. For the effective gas-temperature profiles representable by the cosine 
wave, the maximum variation in effective gas temperature is 800° R (cosine- 
wave amplitude A of 400° R) . For the conditions of figure 4, the blade 
Is overcooled near the root for all effective gas-temperature profiles 
except the optimum profile. In the regions where the blade Is over cooled, 
the effective gas temperature may be increased for a given coolant flow 
to permit the actual blade temperature to reach the allowable value. If 
the act ual blade temperature equals the allowable value, the absolute 
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minimum coolant flow is obtained, and the resulting effective gas- 
temperature profile is the optimum profile. Such a profile is illustrated 
in figure 4(d) . In this case, the effective gas temperature at the blade 
root is extremely high. This results in a large heat-transfer rate, which 
rapidly increases the cooling-air temperature from root to tip, and, thus, 
in turn the effective gas temperature decreases. The lowest effective 
gas temperature then occurs in the region of the turbine blade midspan. 

The effective gas temperature for the absolute minimum coolant flow 
as shown in figure 4(d) exceeds stoichiometric at the blade root and, 
therefore, cannot be obtained with hydrocarbon fuels. Probably, in this 
case, the temperature could be lowered within this limit and still approx- 
imate conditions for the absolute minimum coolant flow. If the maximum 
temperature is limited to stoichiometric temperature, these optimum pro- 
files are acceptable for combustor designs and are probably easier to ob- 
tain than the uniform profile. However, these profiles present acute 
inner-shroud cooling problems. 

As the conditions for cooling become more critical or as the blade 
cooling effectiveness decreases (X increases), the coolant-flow require- 
ments increase. As the coolant flows increase, the actual blade tempera- 
ture becomes less sensitive to the heat transfer. This results in less 
overcooling near the root regions for the uniform temperature profile and 
the two temperature profiles representable by the cosine wave. In fact, 
for the uniform temperature profile, the critical point where the actual 
and the allowable blade temperatures are equal may occur at the root. 

Since the over coo ling has been reduced, the effective gas-temperature 
profile becomes more favorable for the shroud. Figure 5 illustrates the 
effect on optimum effective gas-temperature profiles of making the cooling 
conditions more critical or of reducing the blade cooling effectiveness. 
For convenience, the value of T g ^ e used in figure 5 is an integrated 

average rather than a mass average as given by equation (22). Use of an 
integrated average in these instances had. a negligible effect on the 
trends and quantitative values shown in figure 5. An inspection of these 
results quickly shows that the gradients in the optimum effective gas- 
temperature profile decrease with increasing values of the average effec- 
tive gas temperature, blade design root stress, cooling-air temperature 
at the blade root, or cooling-effectiveness parameter. In all cases the 
optimum effective gas temperature results in critical conditions for 
inner-shroud cooling. It Is also apparent' that the heat conditions exist 
for a high value of the cooling-effectiveness parameter. However, this, 
in general, corresponds to a poor blade design that requires high coolant 
flows and is inadequate for cooling in many cases. 
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Comparison of Cooling Requirements for Each Effective 
Gas-Temperature Profile 

The ratio of coolant flow for each effective gas- temperature profile 
to that for the uniform profile is plotted against the blade-inlet 
cooling-air temperature in figure 6. The effects of cooling-effectiveness 
parameter X^, "blade design root stress cr^, and average effective gas 

£3 temperature T_ _ are shown in these plots. For these figures, the max- 

co imum variation in "the effective gas temperatures representable "by a cosine 

wave is 800° R (A = 400° R) . For a T„ e of 3000° R, the cooling-air 

weight-flow ratio ^ was obtained only for the optimum effective 

gas -temperature profile except for X^ =0.30. As pointed out previously, 
a value of X nri near 0.30 is reasonable for existing convection-cooled 
blade designs. The cross-hatched region for each effective gas- 
temperature profile represents the complete range from turbulent to lam- 
inar flow for the cool in g air. The curve terminating the cross-hatched 
area nearest values of w a /w a „„ of unity represents turbulent flow, 

■while the other terminal curve represents laminar flow. For cooled 
engines employing convection-cooled blades, the cooling-air flow is 
either in the laminar region or in the transition region near the laminar 
flow limit (ref. 7) . Turbulent flow would be expected to occur for low- 
altitude flight at high flight speeds, a combination not often considered. 
Therefore, the laml na.r lines on these figures are presently more appli- 
cable. In many cases, however, the effect of the flow region is small. 

Cooling-effectiveness parameter of 0.15 . - For an effective cooled- 
blade design (X^ = 0.15), solutions were obtained for all the conditions 
considered in this analysis (fig. 6(a)). As the blade-inlet cooling-air 
temperature increases, the coolant-flow ratio for the various profiles is 
essentially unaffected except for cr^ = 75,000 psi, Tg^ e = 3500° R, and 

the complete-cosine-wave profile. At the low-stress condition 
(o^ = 25,000 psi), the effective gas-temperature profile represented by 
the coup let e cosine wave is, in general, better than that represented by 
the half -cycle cosine wave. For both the complete and the half -cycle 
cosine waves, the required cool ant -flow ratios are near that for the 
uniform profile. At the high stress condition (o^ = 75,000 psi), the 
profile represented by the half-cycle cosine wave becomes better than 
that represented by the conplete cosine wave. It Is of interest to note 
that, as the coolant-flow ratio for the temperature profile represented 
by the conplete cosine wave becomes higher, that represented by the half- 
cycle wave tends to become better. In all cases, the optimum effective 
gas-temperature profile shows gains in coolant-flow ratio over the other 
profiles, being approximately 10 percent below the coolant flow obtained 
with the uniform profile. 
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Cooling-eff ectiveness parameter of 0.50 . - Increasing the value of 
X nri to 0.30 (decreasing blade cooling effectiveness) decreases the num- 
ber of solutions (fig. 6(b)), and the effect of the gas-temperature pro- 
files on the coolant-flow ratio v a/ w a, un becomes more apparent. At 

the high stress and high average effective gas temperature, the lack of 
completeness of the curves indicates that no solutions were obtainable. 
The same trends observed for X^ = 0.15 are true for X,, n = 0.30, except 
that the coolant-flow rates are in general higher than those obtained 
for ^ — 0 « 15 . 

Cooling-effectiveness parameter of 0.65 . - A further increase in 
\ irn to 0.65 (further decreasing the 'blade cooling effectiveness) again 
decreases the number of solutions and increases the effects of gas- 
temperature profile on the coolant-flow ratio (fig. 6(c)). For this 
case, the only possible solutions at the two highest average effective 
gas temperatures exist for the low blade-inlet cooling-air temperatures. 
At ^g,e °* > 2500° R, solutions were obtained over the complete range of 

blade-inlet coo ling -air temperatures at cx^ of 25,000 psi. In general, 
the cosine profiles require high relative coolant flows. These results 
suggest that care must be extended when subjecting blades having poor 
cooling effectiveness to the effective gas-temperature profiles repre- 
sented by cosine waves If these blades are designed and analyzed for 
uniform gas-tenperature profiles. The advantage of the optimum gas- 
temperature profile in reducing the coolant-flow requirements decreases 
as the blade-inlet cooling-air temperature or blade root design stress 
increases . 


Evaluation of Effective Gas-Temperature Profiles for Cooled-Engine 

Designs of Immediate Interest 

It has been mentioned that cooled-engine design conditions of imme- 
diate interest correspond to turbine blade design root stresses of about 
25,000 psi, average effective gas temperatures of 2500° R (average 
turbine-inlet temperature near 2600° R), and a cooling-effectiveness 
parameter of 0.30. Also, for the same values of T g ^ e — 2500° R and 

X^ = 0.30, it is of interest to evaluate the effective gas-tenperature 

profiles at the higher blade root stress (cr^ = 75,000 psi) . As previ- 
ously discussed, higher stresses may be necessary for cooled-engine 
designs. Consequently, the effects of the various effective gas- 
jtemperature profiles on the coolant-flow requirements for engines having 
Tg, e of 2500° R and Xun of 0.30 for cr^ of 25,000 and 75,000 psi are 
briefly discussed. 
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Blade design root stress of 25,000 psi . - For the optimum effective 
gas-temperature distribution and the engine design conditions just de- 
scribed, the rotor blade coolant flow is about 20 percent below that of 
the uniform gas -temperature profile for blade-inlet cooling-air tempera- 
tures (1000° to 1300° R) encountered for flight Mach numbers around 2.0 
to 2.5 (fig* 6(b)(1)). It Is informative to reflect this reduction in 
coolant flow into potential improvements in the engine performance. 
According to the results of reference 7, the actual turbine rotor blade 
coolant flow for these engine design conditions would probably not exceed 
4 percent of the compressor weight flow. Reference 8 indicates that a 
20 -percent saving in this coolant flow would not have much effect on the 
specific fuel consumption of the turbojet engine and only a small effect 
on the turboprop engine but would increase the thrust and horsepower of 
these engines by about 1 percent. This represents the probable maximum 
potential for these ..design conditions. Even if the need for inner -shroud 
cooling (due to the optimum temperature profile) does not offset this 
advantage. It seems likely that the mechanical complexity will. For 
higher turbine-inlet temperatures and correspondingly higher coolant 
weight flows, the inprovements might be more pronounced, particularly if 
the optimum gas -temperature profile Is maintained through several cooled 
stages. Thus, despite the problems such as inner-shroud cooling that are 
associated with the optimum profile, the improvements in engine perform- 
ance derived from turbine coo ling might be sufficiently great to warrant 
the use of this profile. 

For a flight Mach number of 2.0, the blade-inlet cooling-air temper- 
ature may be about 1000° R if the cooling air is bled ahead of the com- 
pressor discharge. At this cooling-air temperature and the engine design 
conditions of T g ^ e 2 500° R and of 0.30, the coolant weight 

flow for the gas -temperature profile represented by the complete cosine 
wave Is about 7 percent higher than that for the uniform profile. In- 
creasing the flight Mach number results in an increase in blade -inlet 
cooling-air temperature and a further increase in the coolant flow for 
the complete -cosine-wave profile compared with that of the uniform profile 
(fig. 6(b)) . At a blade-inlet cooling-air temperature of 1300° R, a value 
anticipated for a flight Mach number around 2.5, the coolant flow for the 
complete cosine wave Is about 35 percent higher than that for the uniform 
profile. This increase would probably be reflected into approximately a 
1- and 2 -percent loss in thrust and horsepower, respectively, for the 
turbojet and turboprop engines. Also, for the engine design conditions 
being considered, the gas-temperature profile represented by the half- 
cycle cosine wave results in no advantage over that for the complete 
cosine wave. Thus, for engine designs having cr^ of 25,000 psi, T g ^ e 

of 2500° R, and ^ of 0.30, the effective gas-temperature profile 

given by the complete cosine wave is comparable for turbine blade cooling 
to the uniform profile for blade-inlet cooling-air temperatures up to 
1000° R (or flight Mach numbers up to around 2.0) . In addition, this 
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profile permits combustor design, simplification with a minimum of shroud 
cooling without sacrificing coo ling- air flow. At blade-inlet cooling-air 
temperatures above 1000° R, the blade cooling effectiveness may be in- 
creased (X^ decreased) in order to apply the complete -cosine -wave pro- 
file without significant losses in engine performance. 

Blade design root stress of 75,OOD psi . - In the future, turbine 
and compressor designs may be improved by increasing the blade root 
stresses. For turbine blade design root stresses in the neighborhood of 
75,000 psi, the cooling -air requirement for the effective gas-temperature 
profile represented by the half cycle of the cosine wave is, in general, 
better than that represented by the complete cycle (fig. 6(b)) . In addi- 
tion, the cooling requirements for this profile compare favorably with 
the uniform profile (within about 10 percent) . Thus, in general, little 
sacrifice in engine performance is required if a half -cycle cosine-wave 
gas -temperature profile is employed. For values of X^ = 0.30, it 
appears that the profile given by the complete cosine wave would not be 
desirable for high -stress engine designs unless T^^ is below 1000° R 

and Tg^ e is below 3000° K. This situation is Improved to some extent 

by improving the blade cooling effectiveness and thereby reducing X,^ 
as shown by figure 6(a) . 


Effect of Combustor Pressure Losses on Engine Performance 

The disadvantage of the uniform effective gas-temperature profile 
resulting from the additional pressure drop required in the combustor 
cannot be immediately evaluated, because the pressure losses required 
can only be inferred from the literature. However, It cam be easily 
shown from the engine cycle analysis that large combustor pressure losses 
must be sustained in order to cause large engine thrust losses, particu- 
larly at high flight Mach numbers . This fact is illustrated by figure 7, 
where the ratio of the turbojet thrust for prescribed combustor pressure 
losses to the thrust for no combustor pressure loss is plotted against 
the flight Mach number for three combustor total -pressure ratios. The 
ordinate of figure 7 is inversely proportional, to ..the increase in the 
specific fuel consumption required. As the combustor total-pressure 
ratio is decreased from 1 to 0.9, the maximum decrease in the thrust is 
4 percent. At the higher flight Mach numbers, the decrease in thrust 
accompanying this decrease in the combustor pressure ratio is only about 
.3 percent. Thus, the thrust change is about one-third of the change in 
the total combustor pressure ratio. A similar trend occurs in reducing 
the combustor pressure ratio from 0.9 to 0.8. It Is therefore apparent 
that the use of the unif orm effective gas-temperature profile would not 
result in large increases in specific fuel consumption due to combustor 
pressure losses. It must be remembered, however, that the uniform profile 
may result In severe turbine shroud cooling problems. 
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Effect of Maximum Temperature Variation of Cosine-Wave Profiles 

on Cooling Requirements 

The ratios of the cooling-air weight flow for the effective gas- 
temperature profiles representable by the complete and half-cycle cosine 
waves and that for the uniform, gas-temperature profile are plotted in 
figure 8 for several values of the cosine amplitude A. It may be re- 
called that for A = 0 the effective gas-temperature profile is uniform. 
This is the limiting case for the results in figure 8 and corresponds to 
the value w a/ w a, un = Figure 8 is limited to an average effective gas 

temperature of 2500° R and laminar flow for the cooling air as well as 
5^ = 0.30, since these design conditions seem feasible for the near 
future. For present combustor designs that exhibit good performance, 
the maximum variation of the effective gas temperature is approximately 
from 400° to 800° R (A of 200° to 400° R) . Figure 8 illustrates that, 
as A increases, the cooling requirements, in general, increase con- 
tinually at about the same rate. For most design conditions of interest, 
the -maximum variation of 800° to 1200° R (A of 400° to 600° R) increases 
the coolant-flow ratio by only about 10 percent. Of course, correspond- 
ingly, an equal decrease in the maximum temperature variation results in 
a reduction of the coolant flow of the order of 10 percent. It Is Im- 
practical at present to attempt to evaluate these changes in detail. 
However, according to the performance changes previously quoted, the 
effect of these coolant-flow changes on the performance is small. 


CONCLUDING REMARKS 

Each e ng ine and convection-cooled blade design presents a unique 
problem, which in most cases fits somewhere within the framework of the 
results of this report. In some cases It may be desirable to obtain a 
detailed comparison of the advantages or disadvantages of one or more 
gas-temperature profiles. Such detailed studies might be of particular 
Interest for those design conditions for which the coolant flow is affected 
appreciably by the gas-temperature profile. These detailed studies would 
Involve an evaluation of combustor performance as well as calculations of 
turbine shroud-cooling requirements. In addition, consideration should 
be given to the effects of the gas-temperature profile on the turbine 
aerodynamics . In fact, in no case can any particular profile be com- 
pletely justifiable until the turbine aerodynamics Is studied. Where a 
detailed study is desirable, it is -suggested that the turbine rotor 
cooling analysis be completed using the established procedures for a 
uniform effective gas -temperature profile. The results of this report 
can then be used to reflect the computed cooling requirements into those 
for the other effective gas -temperature profiles. However, in many cases, 
engineering judgment based on the general results of this report Is suf- 
ficient for selecting the gas-temperature profile for a specific design. 
These general results may be summarized as follows: 
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1. The cooling-air flow required for blade designs with poor cooling 
effectiveness or for severe cooling conditions may be considerably higher 
for the effective gas-temperature profiles represented by the cosine waves 
(approximating present high-performance combustor designs) than for the 
uniform profile. This suggests that care must be extended in applying a 
blade designed for a uniform effective gas-temperature profile to the 
gas-temperature profile represented by the cosine waves. This difficulty 
with the poorly cooled blade designs can probably be eliminated in most 
cases of present interest by improving the blade cooling effectiveness 
(decreasing coo ling -effectiveness parameter) . 

2. For design conditions of most immediate interest (design com- 
pressor pressure ratio of 10, design root stress near 25,000 psi, turbine- 
inlet temperatures around 2600° R, and blade designs having a cooling- 
effectiveness parameter near 0.30), the effective gas-temperature profile 
represented by the complete cycle of the cosine wave with a maximum var- 
iation of 800° R requires about 7 percent more cooling air than that for 
the uniform profile except for a blade-inlet cooling-air temperature above 
1000° R (flight Mach number around 2.0) . For a Mach number near 2.5, the 
cooling-air flow for this condition might be increased by about 35 per- 
cent. This increase would probably be reflected into approximately a 1- 
and 2-percent loss in thrust and horsepower, respectively, for the tur- 
bojet and turboprop engines. However, with this complete - cosine -wave 
profile, the turbine inner and outer shrouds are exposed to the lowest 
gas temperature and may, therefore, require either no cooling or at least 
a mini mum of cooling while good combustor performance is afforded. 

3. As the design blade stress is increased, the effective gas- 
temperature profile given by the complete cycle of the cosine wave be- 
comes less favorable, but the profile represented by one-half cycle of 
the cosine wave becomes more favorable. For a high design stress of 
75,000 psi, blade cooling-effectiveness parameter of 0.30, and turbine- 
inlet temperature of 2600° R, this half -cycle cosine profile requires 
about 10 percent more cooling air than the uniform profile for flight 
Mach numbers up to about 2.0. This increase diminishes to nearly zero 
at a flight Mach number of 2.5. Thus, for these conditions, the engine 
performance would be affected only slightly. On the other hand, with the 
gas-temperature profile represented by this one-half cycle of the cosine 
wave, the inne r-shroud cooling problem is minimized at the expense of 
additional cooling on the more accessible outer shroud. 

4. The optimum effective gas -temperature distribution (absolute 
min imum rotor coolant flow) exposes the turbine inner shrouds to the 
hottest gas layers, while the coolest region, in general, exists near 
the blade midspan position. For most cases of immediate interest, the 
gas temperature near the inner shroud is around 4000° R or higher, 
resulting in an extreme shroud-cooling problem. The corresponding 
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coolant-flow decrease congSkred with the unifora profile is about 20 
percent. For a turhine-iniet temperature of 2600° R, this might be 
reflected into approximately a 1-percent saving in thrust and horsepower 
for turbojet and turboprop engines. 


Lewis Flight Propulsion Laboratory 

National Advisory Committee for Aeronautics 
Cleveland, Ohio, July 20, 1955 
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APPENDIX A 
SYMBOIS 

amplitude of cosine wave representing temperature profile, °R 
cross-sectional metal area, sq ft 
critical velocity of sound, 

constant in eq. (9), °R 
blade length or span, ft 
constant 

exponent (see eq. (26)) 

specific heat at constant pressure, Btu/(lb)(°F) 
function 

function ... 

function 

acceleration due to gravity, 32.2 ft/ sec 2 

effective inside heat-transfer coefficient, Btu/(sec)(6q ft)(°F) 
inside heat-transfer co efficient^- Btu/( sec) ( sq ft)(°F) 
outside beat-transfer coefficient, Btu/(sec)(sq ft)(°F) 
coolant-flow parameter, ■*" \) o^ 

inside perimeter of blade used for defining effective heat- transfer 
coefficient, ft 

outside perimeter of blade, ft 
number representing either 1 or 2 
optimum effective gas-temperature profile 
heat-transfer rate, Btu/ sec 
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a 


OJ 


R gas constant, 53.3 ft-lfa/(lb) (°R) 
r radius 

S stress-ratio factor 

T static temperature, °R 

T' total temperature, °R 

T' 1 relative total temperature, °R 
T average temperature, °R 

U blade speed, ft/ sec 

V absolute velocity, ft/ sec 

W relative velocity, ft/sec 

w weight flow, Ib/sec 

x span-wise distance from blade root to any point on blade, ft 

x* x/b 

a flow angle measured from axial direction, deg 
X ratio of specific heats 

X cooling-effectiveness parameter, h^hp 

p static density, lb/cu ft 

p ’ total density, lb/cu ft 

cr stress, psi 

✓v. representing effective gas -temperature profile given by complete 
cycle of cosine wave 

representing effective gas -temperature profile given by one-half 
cycle of cosine wave 

Subscripts: 

a air 
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al allowable 

av average 

b blade 

e effective 

g gas 

h hub 

t tip 

u tangential direction 

un. uniform 

x axial direction 

1 turbine inlet 

turbine exit 


2 
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APPENDIX B 


PROOF THAI ALLOWABLE BLADE TEMPERATURE DISTRIBUTION RESULTS 
IN ABSOLUTE MINIMUM COOLANT FLOW 

A direct method of min imiz ing the coo ling -air weight flow while 
restraining the maximum blade temperature by the allowable blade temper- 
ature was not developed. However,, a relatively simple indirect method 
suffices to prove that the blade temperature corresponding to the allow- 
able blade temperature results in the maximum average effective gas tem- 
perature for a given coo ling -air weight flow. This is equivalent to 
proving that the allowable blade temperature distribution results in the 
absolute mi nimum cooling-air weight flow for a given average effective 
gas temperature. This proof is derived in the subsequent paragraphs. 



Throughout the proof, the values of w a , h Q , h^, b, 
are held constant. 

Cp, 7 q, and 

*i,h 


The heat flow through the differential surface 
by the following three equations: 

element dx 

is given 


dQ = h 0 Z 0 b(T g ^ e - T b )dx* 


(Bl) 


<3-Q = w a Cp dT^ 


(B2) 


and 

d Q - h^bdfc - T£)dx* (B3) 

Equations (Bl) and (B2) may be integrated over the entire blade span to 
give 



If equation (B4) is rewritten as 

T? ss B +. T, 

bj e holot 10 


(B6) 
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it is clear that the average effective gas temperature T_ . can be 

increased by increasing the average blade temperature T^, provided the 
total heat-flow rate Q does not decrease. It will be proved that Q 
does not decrease as is increased. 

The maximum average blade temperature subject to the restraint that 
the blade temperature cannot exceed the allowable blade temperature cor- 
responds to the average allowable blade temperature. It must be proved 
that as T- d Is increased to T-j^ a j_ the value of Q, is not decreased. 

Since T' . is constant, equation (B5) shows that Q decreases only if 

a, H 

T* , decreases. Thus, the problem is reduced to proving that T' , 
a, Ti a^ *u 

does not decrease as ^ increases. 

Consider a comparison of the cooling -air temperature distributions 
for except at a finite number of tangency points , and 

= ^b,al' ^i ese distributions are illustrated for a particular case in 
sketch (b), where is associated with In this sketch, 

T a,al is Q^bitrarily drawn to exceed at all spanwise positions: 



If equations (B2) and (B3) are combined, the slope of the temperature 
distribution curve can be expressed by 


& 'k 

dx* 


w 

w c 
a p 


(®h - T a) 


(B7) 


From equation (B7) and the sketch (b), the rate of change of the cooling- 
air temperature at x* = 0 is greater for than for 

T-^ < (in the event that a tangency point exists at x* =0, the 

rates of change in the temperatures are Identical. However, the argument 
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may be pursued by proceeding to a span-wise position immediately beyond 

x* = 0.) Thus, in the neighborhood of the blade root, T 1 > T ' , as 

S>j £LL a 

shown_in sketch (b) . If the cooking-air temperature at the tip is less 
for = T b ^ al than for \ (i.e., T£ #al < T£) , it is clear 

that the corresponding curves of the cooling-air temperature distributions 
must cross at- some spanwise position. If this occurs, it is necessary 

dTI d3” 

that at the intersection point T* = T * and — However, 

a.a 1 a dx* dx* 

equation (B7) shows that these conditions are incompatible if 
T b ~ T b,al* Thus, the coo ling -air temperature at the blade tip cannot 

decrease as is increased to a ^_. This completes the proofs since 

this implies that Q does not decrease and therefore T- _ must 
increase . 
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APPENDIX C 


EVALUATION OF RELATION BETWEEN EFFECTIVE GAS AND 
TURBINE -INLET TEMPERATURES 

The difference Between the total absolute and relative gas tempera- 
tures at the turbine inlet as given by the energy equation is 


TJ 


y2 

m» _ _i 1 = r - I (v 2 _ « 2 \ 

° n 2grR ' V 1 V 


2g<Tc-| 


(Cl) 


Talcing the difference between equation (Cl) applied at hub section and 
applied at any spanwise position gives 

( T i ■ T i) - ( T i,h - *1,0 ■ i j^r (»! - "! - v lh + w !,h) < 02 > 

For free-vortex flow at the turbine inlet, the velocities at different 
radial positions are related by the equations 


(O 

t- 

r- 

eo 


U 

Uv 


r 

r h 


v l,u _ r h 

V = r 

1, u,h ' 

v l,x,h = v l,x = w l,x,h = %,x 
Employing the last expression and the equations 

V 1 v l,x l,u 


\j2 _ ■ttZ 

W 1 “ W l,x 


+ W 


l,u 


J 


(C3) 


equation (C2) becomes 

( T i - T l) - Rh - - Igtr Ru - <u,h - «i,u + »i,u,h) 


(C4) 


Furthermore, if W x u is replaced by its equivalent (V 1 u - U), equation 
(C4) becomes ’ 
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•D 

3 


( T i - T i) - ( T i,h - V) “ s^ir - " 2 + 2DT i,u - 2 Vi,u,h) 

or, using equation (C3) and the condition ^ , 

(fi - >5) - (?i,» - T U) - i#jr °l © 2 f 1 - (^) 2 ] «*> 


Equation (C5) relates the difference between the total absolute and 
relative gas temperatures at any spanwise position to the value at the 
turbine hub. The value of this difference at the hub section can now be 
related to the turbine blade tip speed and hub-tip radius ratio for im- 
pulse conditions with no exit whirl if losses are neglected. This rela- 
tion will now be determined, since these assumptions are reasonable for 
the purpose of this report. For such conditions, the turbine velocity 
diagram at the hub can be represented as in sketch (c) . In this case, 

a l = a 2 : 



Sketch ( c) . 


Since 

vf, h - vf )X>h + vi, tt ,h - (» l,h - 4) * C^h) 2 
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equation (Cl) applied at the hub gives 


,, „„ , _ 3 (r-Du| 

L l,h ' %h 2grH " 2grR \r t / 


(C6) 


If equation (C6) is introduced into equation (C5), the temperature dif- 
ference at any spanvise position becomes 


[[it _ rptt _ T__~ 1 tj 2 / ^h\ /JL\ I 

1 - 2rgR U t \rj I* - \r h j] 


(C7) 


Introducing the radial position xr* as given by 

r - r. 


x* = 


r t " r h 


this expression becomes 



Equation (C8) expresses the difference between the total absolute 
and relative gas temperatures at any spanwise position in terms of only 
the turbine tip speed and hub-tip radius ratio • The average difference 
between these temperatures can be obtained by Integrating equation (C8) . 
The average difference weighted according to the annular area and there- 
fore weight flow per uniform specific weight flow is 


m 


(T£ - 


T") 

l/av 


2b 


r t - r h u 


r(T-[ - T£) dx* 


or 



Upon integration, this expression reduces to 
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w 

-j 

-o 

o> 



Ti’) 

1 av 


_ L. 


4rgR 





(CIO) 


If it is finally assumed that the total relative temperature is equal to 
the effective gas temperature, equations (C8) and (CIO) hecome 


T' 


T — I ~ I 
g,e 2rgR 


* 0 f - [ x + 



(27) 


and 


T i 


- T = — ~ 

g,e 4ygR t 




(28) 
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Spanwise position, x# 


(a) Stress distribution for 
various turbine hub-tip 
radius ratios; 

An,t/'V,h * 0*5* 


(b) Stress distribution, for 
various blade metal tapers; 


r^/r^. - 0.65. 


(c) Allowable blade temperature 
distributions for three design 
stresses. Jfaterisl, A- 286. 


Figure 1. - SpaanriSe distribution of stress and. allowable blade temperature. 
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Turbine hub -tip 
radius ratio. 


Turbine rotor blade tip speed, ft/sec 

(b) Difference between average turbine -inlet and average 
effective gas temperatures for range of tip speeds. 


Figure 2. - Difference between turbine -inlet and rotor 
effective gas temperature b for free -vortex design with 
impulse conditions at root and no losses. 
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400 COS 7CX* 


(a) Uniform distribution. 


(b) Half -cosine -wave distribu 


Average effective gas 
temperature, T g ^ e 

Actual blade 
temperature 
Allowable blade 
temperature 


400 cos 2 toc* 


‘-Allowable and actual 
blade temperature 


Spanwise position, x* 


( c ) Complete -cosine -wave 
distribution. 


(d) Optimum distribution. 


Figure 4. - Spanwise temperature distributions for four effective 
gas -temperature profiles. Cooling-effectiveness parameter, 
0.30; blade design root stress, 25,000 psi; blade -inlet cooling 
air temperature, 1000° R. 
















' 600 1000 1400 600 1000 1400 600 1000 1400 

Blade-Inlet cooling -air temperature, T' °R 

CL; 11 

(1) Tg^ e - 2500° R (2) T gje - 3000° R (3) T gfS = 3500° R 

(a) Cooling -effective ness parameter, 0.15. 

Figure 6. - Effect of design variables on ratio of coolant flow for each effective 
gas -temperature profile to that far uniform profile. Cosine-wave amplitude, 

4.00° B. 
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600 1000 1400 600 1000 1400 

Blade -Inlet cooling-air temperature , 

(1) T = 2500° R (2) T 3000° R 

S^e g,e 




600 1000 1400 


a,h' 11 

(3) T *= 3500° R 
Bj e 


(b) Cooling-effectiveness parameter , 0.30. 


Figure 6. - Continued. Effect of design variables on ratio of coolant flow for each 
effective gas -temperature profile to that for uniform profile. Cosine -wave ampli- 
tude, 400° R. 
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